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PREFACE

This is a course devoted to the development of a theoretical formalism that can be used
generally to describe the interaction between a radiation field (e.g., light) and a collection of
charged particles (e.g., molecules). Energy measurements on such a system, i.e., a molecule
interacting with light, constitute the pursuit of most spectroscopic techniques.

In general, the radiation field is electromagnetic radiation consisting of y-rays, X-rays,
UV-visible-NIR light, infrared light, microwaves, radio waves, or other particle fields. However,
we will limit ourselves to photon fields in this text.

The collection of particles can be as small as a single charged particle, or as large as a
molecule or condensed matter such as a crystal or amorphous solid.

The spectroscopic measurement process is generally an effort to detect the number of
photons (intensity) of light as a function of their energy E = kv (or, equivalently, the frequency
or wavelength) of the photons leaving the interaction region. This spectroscopic information
(i.e., the energy spectrum) is generally used to obtain information about the system of particles
being probed by the radiation field. (e.g., molecular information)

In this course in molecular spectroscopy, we will first develop a general formalism that is
adequate for a description of most spectroscopic methods. Most conventional spectroscopic texts
present a hodge-podge of different formalisms comprising a different approach for each type of
spectra. Instead, here we develop a general formalism that can be applied in a general way. In
addition, this theoretical approach is subject to few limitations on its applicability and can be
used to actually calculate spectra in most cases. We will apply this approach in particular to
vibrational spectra (infrared and Raman spectra) and to electronic spectra when vibrational
structure is evident in the optical absorption and Raman excitation spectra. Other spectroscopic
techniques will also be examined in less detail, but the methods for applying the theoretical
treatment to these spectroscopic techniques are the same.

This book is intended for first- or second-year graduate students in chemistry or chemical
physics. We first develop the quantum theory that is the basis of spectroscopy and proceed to the
development of quantum electrodynamics just to the point needed for spectroscopic theory. The
idea is to fully develop the quantum mechanical basis for the interaction of light with molecules,
not to lead the reader into a full-blown study of quantum electrodynamics. With this solid
theoretical foundation, we then develop a general vibro-electronic (vibronic) approach for
treating and calculating vibronic spectra.

This vibronic approach described in the text provides the formalism required for
simulating the spectra obtained in most spectroscopic techniques, and, in the weak vibronic
interaction limit, it gives explicit formulae for spectral simulation and prediction. The vibronic
effects on the UV-visible absorption and Raman spectra are examined in detail as examples, but
it is easily seen how to apply this vibronic formalism to a variety of other spectroscopic methods
and techniques.
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In the later chapters, dissipative phenomena in spectra are introduced in a novel way
using results from the study of multiplicative stochastic processes and the averaged time-
evolution equations. Using this treatment of dissipation, for example, the line widths in spectral
bands are introduced in a natural way.
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CHAPTER 1

Introduction and Background
1.1 Quantum Mechanics

In spectroscopy, our goal is generally to describe a system, like that illustrated in Figure
1, composed of a radiation field, typically photons, and a collection of charged particles
interacting with the electromagnetic field. The aim of most spectroscopic techniques is to
measure the energy spectrum of such a system with the ultimate goal of learning about the
collection of particles, such as their molecular structure. The radiation field is generally
electromagnetic in nature, i.e., UV, visible, NIR, and infrared light, X-rays, y-rays, microwave,
and radio waves. We will limit ourselves to the photons of an electromagnetic field in this text.
The particles could be the electrons and nuclei of a molecule, or more complicated condensed
phases. In general, this problem should be treated entirely quantum mechanically, and that is our
primary task.

particles

detector
!

N

i/

Radiation Field Interaction Region Energy Measurement Region

Figure 1. Spectroscopy is generally an energy spectrum measurement for a
system composed of a radiation field and a collection of charged
particles.

To begin, we review the postulates of quantum mechanics. These five postulates are the
basic assumptions about how nature is organized and how we can use mathematics to derive
predictions about future events given information about current conditions. More, specifically,
these postulates describe how mathematics can be used to determine the outcome of
measurements of physical observables and to make future predictions on the basis of the present
values of a set of physical observables.

The choice of these basic postulates is somewhat arbitrary. Those chosen are the ones
most easily applied to solve many chemical and physical problems. However, other sets of basic
postulates of quantum mechanics could be chosen. As an example, we will also list a more basic
set of postulates, which are equivalent to the conventional ones, that we will be applying to
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develop the spectroscopic methods in this course--our primary goal in this text. This more basic
postulate set will illustrate how fundamental quantum mechanics is to understanding the way our
world works and how intimately interconnected the mathematical methods of quantum theory are
to the measurement process.

1.2 Background

Classical Mechanics Quantum Mechanics Y Relativistic Quantum Mechanics

(planetary motion) (light, microscopic (electron spin)
particle dynamics)

Figure 2. All observable phenomena.

With a sufficient quantum mechanical description of a system of particles (electrons and
nuclei for chemical problems), one can calculate any property of the system or predict results of
any experiment designed to measure an observable property of the system.

The system can be as large as the universe or as small as a single particle. Of course, the
larger the system, the more complicated the mathematical description. Therefore, we will
usually consider a simple particle or a small group of particles (e.g., a molecule), possibly
including interactions of this subset of the universe with the rest of the universe by adding
external forces. The latter is an example of one kind of reduction of the problem to a
manageable level of description. Another kind of reduction comes when we wish to measure,
not the microscopic behavior or a complete description of the system of particles, but some
macroscopic property of the collection of particles. The latter kind of reduction of the
description involves the use of quantum statistical mechanics, which is not to be covered in the
present course. Sometimes useful approximate methods are appropriate, and these methods
represent another type of reduction. For example, for low velocities a non-relativistic quantum
mechanical treatment is sufficient. In other cases, a relativistic quantum theory is required. All
of the postulates except postulate III, which gives the time evolution of the system, are the same
for relativistic and non-relativistic quantum mechanics. In other cases, a reduction to the
classical mechanics limit of the quantum theory is appropriate. Using these powerful reductive
computational methods, in principle, one can calculate “any quantity of chemical interest.” In
practice, quantum chemical calculations are often very complex, requiring large and fast
computers.

We will first introduce the concepts of quantum theory, gradually developing the
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mathematical skills necessary for the use these concepts in spectroscopy. Later, we will use
quantum mechanical concepts to solve a number of simple general problems of interest to us as
chemists, from simple 1-particle, 1-dimensional problems to more complicated 3-dimensional
problems with many particles (molecules).

One obstacle to learning to think quantum mechanically (which we must do in order to
become competent chemists) is its bizarre, non-intuitive nature. To develop intuition for
quantum mechanical systems, one must first understand the origin of the postulates of quantum
mechanics. Secondly, after understanding their necessity, one must learn from the mathematics
of quantum mechanics a new way of thinking about nature. Unlike classical mechanics, we have
no “natural” or “common sense” understanding of quantum mechanical phenomena. The
purpose of this course is to understand the necessity of a quantum mechanical description of
nature, and spectroscopic techniques in particular, and to learn how to think in quantum
mechanical terms about such problems. In order to accomplish this, we must work out the
physical consequences of the quantum theory in enough instances of spectroscopic interest to
gain at least a rudimentary intuition for happenings at the microscopic level. This acquired
intuition will serve to guide our use of experimental spectroscopic techniques to obtain structural
and chemical information.

1.3 Postulate I of Quantum Theory

We will develop the necessary background in classical mechanics, as it is needed for
understanding each of the basic postulates of quantum mechanics.

Postulate I: For a system of particles with » generalized positional
coordinates ¢,,------ ,q,, the state at time ¢ is specified completely by a

normalized state vector (wavefunction or eigenfunction):

lv)=v.(q.9,...9,)

in Hilbert space (extended to continuous eigenvalues).

The state vector is in general an oo-dimensional complex vector of unit length, e.g., an
infinite series of complex numbers. Hilbert space is just an infinite dimensional vector space for
which an inner product is defined (inner product space). This is necessary so that the norm of
the vector is defined. The ¢, in the state vector are independent of time. (In contrast, the

coordinates are a function of time in classical mechanics.) Here, the state vector is time
dependent, and, in making it time dependent, we are implicitly assuming the Schrodinger picture
of quantum mechanics.

The physical implication of Postulate I is that all possible information about the system of
particles is contained in the state vector. Viewed another way, the state vector tells what can be
known about the system of particles. The postulate does not answer several important questions,
such as: (1) how do we extract information about the system (e.g., position, momentum) from
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the state vector, (2) how is state vector itself to be interpreted, and, (3) how are physical
measurements related to state vector? These questions are answered by Postulates II, 111, IV, and
V and a Corollary to Postulate I.

The physical interpretation of the state vector is given by the corollary to Postulate I
(question 2 above).

Corollary: The probability P of finding the particle of the system associated
with the state vector |y,) at points between g¢,q,....,q, and

q,+dq,,...,q,+dq, is given by:

* 2
P="P(q,.q,,...,9,)dq,...dq, =y, v dq,...dq, :|l//t(q1,q2,...qn)| dq,...dq,,
where P(q,...q,)= |1,//t(q1 , qz,...qn)|2 is known as the probability density.

Note then that the quantity defined by the inner product of the state vector with itself
Wilv.):

wlv)=[ [ v @t 0.0 .q,)dd,....dg, =1

Mathematically, this follows from the fact that the state vector is postulated to be normalized, but
physically the integral represents the probability of finding the particles of the system in the
universe, i.e., all of space, and this must be unity.

For .example’ . Suppose . the 0.14 Area of the boxed area = |5”,(q')|2dq
|State vect0r| is a Gaussian function as
. . 0.12 +
shown in Figure 3. Then the area of the
. . . . . 2
indicated thin section is |1//t(q')| dq, and the 010 1
integral is  unity. The Gaussian & oo |
wavefunction has the form g |#(g )
0.06 +
_(q*/t)z
V(@) = Gimme
(27[0_2 )]/4 9
0.02 +
so the wavefunction squared has the form of 0.00 ‘ : ‘ :
the normal distribution, s 0 q5, g +ddd 19 20 2
q
2 _a? Figure 3. A Gaussian statefunction.
— 1 20'2
|V/(Q)| = Qo) e 5

(7[)1/2

and the integral from -0 to +oo is 1 (using I: e dx = ).
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There are grave differences between the classical and quantum concepts of the state of
the system. Classically, the state is completely defined by measuring exactly and simultaneously
the values of all coordinates and their conjugate momenta for all the particles of the system at t =
0. Further, if the forces acting on the particles are also known then the state (i.e., the coordinates
and momenta) is known exactly for all times.

In quantum mechanics, the state of the system is specified by the state vector, which
moreover has only a probabilistic interpretation. That is, only probabilities for measuring
various values of the coordinates and momenta can be given. Furthermore, the coordinates ¢,

themselves have a different interpretation in quantum mechanics. The coordinates no longer
represent the positions of the particles, but instead represent positions in coordinate space at
which a probability field is defined. The coordinates in quantum mechanics are independent of
time, whereas in classical mechanics the coordinates of the particles may vary in time. However,
the probability of finding a particle in a certain location does vary in time because the state
vector varies with time. Another postulate (Postulate III) tells how the state vector evolves with
time and gives quantum mechanics its predictive capability for future measurements.

1.4 Vector Spaces
Before we further develop the quantum theory, let us consider the mathematical nature of
the state vector, that is, a vector in a vector space called Hilbert space. Hilbert space is a special

kind of vector space, which we define below.

Definition. A vector space, V, is defined as a collection of objects, called vectors, which
satisfy the following rules of combination,

1. Closure under addition: if u and v are two vectors in the space, then u +Vis a unique

vector also in the space (i.e., u+V =V +1u is unique).
2. Additive associativity: (V+u)+w=v+(U+Ww).
3. Additive commutivity: V+iu=u+V.
4. Additive identity: v+0=7, V7V.
5. Additive inverses: ¥ v an inverse exist, —v , such that v + (-v) = 0.
6. Closure under scalar multiplication: ¥V scalars ¢ and vectors v, there is a unique vector ¢ v
alsoin V.
7. Scalar multiplication is:
a. Distributive: c(V+u)=cv+cu
b. Distributive: (c+c'W=cv+cV
c. Associative: (cc WV =c(c'V)

An example. Consider the following example of a vector space. Consider the collections
of n real members,

Copyright © 2008 by John A. Shelnutt. All rights reserved.
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Vv=>,...V,))

where v,,...v are called the components of the vector, and » is the dimension of the vector.

These entities make up a vector space. Vector addition is defined by addition of the components,
ie.,

V+u =, +u,v,+u,,...v, +u,)

All seven properties of vectors can be shown to hold for such quantities. For example, with
scalar multiplication defined by cv =(cv,,cv,,...,cv,), then property 7a can be shown to hold.

Explicitly,

c(v+u)=c(v, +u,,...,v, +u,)
c(v+u)=(cv, +cu,,...,cv, +cu,)
c(v+u)=(cv,,...,cv,)+(cu,,...,cu,)

c(V+u)=cv+cu.

Linear independence. One of the most important concepts in quantum mechanics
stemming from the vector nature of the state is linear independence, which means that no vector
of a group of linearly independent vectors can be represented as a linear combination of the
others. Because of closure under addition, a linear combination of vectors defined by

where the ¢; are a set of scalar coefficients is also a vector. The set of n vectors, V., are said to be

s Vi

linearly independent, if and only if,

n

n
ZC[V[=0201=02="'=C =0.
i=1

Proof: On the contrary, suppose that one of the ¢, is non-zero, say ¢, # 0, then

and
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_ 1 - L. ) ..
Thus, v, = ——Zciv., and v, is a linear combination of the other vectors, and therefore the

1

group of vectors is not linearly independent.

Basis. Another useful vector space concept is that of a basis for a vector space. 4 set of
linearly independent vectors that span the entire space is a basis for the space. The set spans the
space, if every vector can be written as a linear combination of the set of vectors. If the spanning

set of vectors {ﬁl ﬁn} form a basis for the space, (i.e., they are linearly independent), then any

vector v can be represented as a linear combination of the #, ,

Moreover, the ¢, are unique.

Proof: Suppose there are two linear representations of v , then

n n
V=Y cii, and V=) cli.
i=1 i=l

Subtracting,

However, linear independence implies that ¢, —c; =0 for Vi, and thus, ¢, =¢/ for all i, which

proves that the ¢, are unique.

Any two basis sets for the same space must have the same number of vectors. This
number is defined as the dimension of the vector space. Thus, the vector space in our example is
an n-dimensional vector space. A set of vectors larger than n can span the space, but only n of
these vectors can be linearly independent.

Isomorphism.  Isomorphism of v \4
vector spaces is another useful concept,
which, in quantum mechanics, means that
we can choose the most convenient of a
group of isomorphic vector spaces,
because all properties will be the same
regardless of the space chosen. This will
be shown later to insure the equivalence of
wave mechanics (function space) and matrix mechanics (Hilbert space).

Figure 4. One-to-one vector mapping from vector
space VitoV'.

Two vector spaces, V and V’, are said to be isomorphic, if (a) for every vector in V, there
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is one and only one corresponding vector in V’, and (b) the laws of combination are the same for
addition and scalar multiplication.

Inner product spaces. In some vector spaces, an additional operation for the combination

of vectors, called the inner product, is defined. Hilbert space is such an inner product space. In
quantum mechanics, the state vector inner product, at least with itself at this point in our

discussion, must be defined because the norm of the state vectors <y/t |1//t> must equal 1. For our

n-dimensional vector-space example, with vectors v =(v,...v,), the inner product is defined by

V,u)= ZViui (= |u||v|cos 0), and this n-dimensional, inner product space is said to be Euclidean
i=1

if the norm is real and non-negative. The inner product of a vector with itself is (v,v) = va ,
i=1

the length of the vector squared. The norm or length of the vector is then (v, \7)% = |\7 | >0.

Complex inner product vector spaces. 1f the components of the vectors are complex
numbers, then we define the inner product as:

n
@,v) =D uv,,
i=1

or in the state-vector notation (converting the sum to an integral),
Wilz)=[-[vi@- )z dadg, ..dg,.

and thus the norm of the vector |I,Vt> is

wilw)=...[v - Iw,(q..)dqdg,...dq,.

so the lengths of the vectors defined in this way will non-negative and real (Euclidean). (This
will be shown below for state vectors in Hilbert space.) This follows from the fact that a
complex number times its complex conjugate is non-negative real,

(a—bi)a+bi)=a"+b*>0.
Thus,

n

1/2
@@,i)"” = uu)"* = {Z(u,’ +iu) () +iuj">}
i=1

J=1

Copyright © 2008 by John A. Shelnutt. All rights reserved.
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) 1/2
:{{Z<u;—m§->w;+w5>}} ~
And,

u /2 y 12
(id, i) = {z](u;z +u;‘.2)} = {Zl‘ujr} >0.
Jj= i=

However, note that (v,u) # (u,V), i.e., the vector product does not commute. Instead,
(@,9) =3 v, =D () =Q uy) =Q vu) =F,0)
i=l1 i=1 i=l1 i=1

(#,v)=(,u)

Note: (a;+ib,) =u, (a)+ib})=v,
(a,+ib,) (a,+ib))=a,a}+bb, +i(ab,—ab,)
and  (a)+ib)) =V, (a;+ib)=u,
(a; +ib)) (a, +ib,) = a,a; +bb; +i(a}b, —a,b))
ujv, # v, = (@v)=(,u)

Scalar multiplication with complex numbers must also be defined for the inner product.
(cu,v)= jﬁ;c*ujvj = C*Zu;vj =c'(ii,V)
(cii, V) =c (ii,V).
And,
(u,cv) = Zn:u;cvj = cZn:u;vj =c(u,v).
Jj=1 Jj=1

The formal definition of an inner product space requires that the inner product obey
relationships (1)-(3) below.

1. (ii,¥) = (v,ii)" (shown above),
2. (av+bii, W) =d’ (3,i%)+ b (i, i), and
3. (5.9)20.

Summarizing our results so far for vector spaces, we have defined the rules obeyed by
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vectors, which are the members or entities composing a vector space. We also defined the
operations that are required in any vector space, namely, vector addition and scalar
multiplication. We showed some of the properties that special sets of vectors may posses, i.e., a
set of vectors (1) may be linearly independent (one vector of the set may not be represented as
linear combination of the others), (2) may span the space (all vectors in the space may be
represented as a linear combination the vectors of the set), and (3) may form a basis (linearly
independent set of vectors that span the entire space). We also have defined the dimension of the
space as the number of vectors in a basis for the space and the requirements for two spaces to be
isomorphic. We have further defined some special kinds of vector spaces such as the inner
product space, which has an additional operation for combination of vectors, called an inner or
vector product. This is a way that two vectors can be “multiplied”. Specifically, in our »n-
dimension vector space composed of sets of »n real numbers, v =(v,,v,,...,v,), the inner product
has been defined, and this space is said to be Euclidean because the norm (or length) of vector is
a non-negative, real number. The norm is defined as (¥,%)"?, that is, the square root of the sum
of squares of the elements. Three-dimensional coordinate space is such a space. The length of
the position vector in coordinate spaces is 7 =r = (7,7)=(x* +y* +z°)"* =|F|. Also, note that
the norm of v is indeed non-negative, real. Finally, we have introduced the idea of (n-
dimensional) complex vector spaces, composed of sequences of complex numbers
v=(a +bi,a,+b,i,...,a +bi). The reason for focusing on these types of vector spaces is that
Hilbert space is such a complex vector space (eo-dimensional). Hilbert space is also an inner
product space, and we have defined the inner product in an n-dimensional complex vector space.
Consequently, we can make the association, <u | v> <> (u,V), that is, the complex inner product is
the same as the vector product of state vectors of Hilbert space. (The extension to infinite-
dimensional spaces will be dealt with shortly.)

Other useful relationships for the inner product. The Schwartz inequality states that “the
product of the lengths of two vectors is greater than the magnitude of the inner product.”

Proof: Let w=au —bv , where are both a and b are arbitrary,
then |Vv|2 >0, thus,
|aii —bv[ 20.
Also (au —bv,ai —bv) = (aii,aii) + (bv,bv) —(bv,aii) — (au,bV)
=aa(ii,ii)+b b(V,v)—b"a(¥,i)—a b(ii,V)
=|al* [l +|b[ [ —a’b(ii, )~ b a(@,@).

Now choose: a =|\7| (\7,51’)% and b =|L7| (\7,52)%.

u,v|, and

Remembering  that wj%wjﬁzﬂaﬂmjﬂ%:@jﬁ%:
substituting we have
] [5[ @, 9)| +[a] [[ |,a)| - |9 || G, 9)(, @) |9 |i] (9, 0)(@d, 7)) = 0

A R e A e (e
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21ial ¥, ) ¥ | @ 93] = 0
ii][#| 2 |(#,7)| (Schwartz inequality)

i v = (i, v) = [ii] [v| cos @ <[]

v

Additional inner product relationships are:

1. |ev] =1c||9]. P v
2. |\7|>0, except for v=0. —
3. |L7 +\7| < |L7| +|\7| . (Triangle Inequality) v

Orthonormality and complete sets. Two vectors, i and v # 0, are said to be orthogonal,
if and only if,

(ii,7) =0.

A set of vectors are orthonormal, if and only if,

N 1 i=j — — - - -
(V,V,) =9, =1, i V vectors v; and v, e{V, V00V, )

An example is the set of unit vectors in the x, y, and z directions in coordinate space, {f , j, IQ} .

Any vector with a finite length |\7 | can be normalized to unity according to,

o=
[
AU A R
: V)=o) = (V) = =
Proof: (v v)—(|v V|)_|v| v )_|v| =1
Pl=[¢.9)]" =1

Orthonormal Basis. An orthonormal set of n vectors {V,7,,...,9,} that span an n-

0 n
dimensional space is called an orthonormal basis. The set of vectors is necessarily linearly

independent, since the set spans the space any vector u can be expressed as a linear combination
of the v, as

Copyright © 2008 by John A. Shelnutt. All rights reserved.



Fundamentals of Vibronic Spectroscopy 17

=

and,

n n n
({}i’ﬁ) = Z({}ﬂcj{}j) = zc({}iﬁ{}j) = ché‘ij
j=1 = j=1

(Vi) =c,
Thus, the set is linearly independent since
Z;cjvj =0 =¢=...=¢,=0.
=

Theorem: A finite orthonormal set of vectors {¥,,V,,...,V,} is linearly independent.

A set of k finite orthonormal vectors form a basis (span and are linearly independent) for
a k-dimensional space. In addition, for an n-dimensional space, any set of n orthonormal vectors
forms a basis.

Completeness (in a finite dimensional space). A set of vectors is a complete set if not
contained in any larger orthonormal set in that space, i.e., if it is a basis for the space. Any vector
can be represented as a linear combination of a complete set.

Bessel’s inequality is useful because it shows us how to generate a complete set of
vectors that span a space. Let {171,172,...,\7n} be any finite orthonormal set in a complex inner

product space. If # is any vector in the space, and if

then

i|ci|2 < |17t|2 (Bessel’s inequality).
i=1

Also,

I
NI
[

T =
)
=>

is orthogonal to each v, and to the entire space spanned by the set. Remember everything we
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learn about vectors is now also true for the states of a physical system, so this gives us a way to
construct orthogonal states of the system and a set of states that form an orthonormal basis. In
addition, notice that in the statement of Bessel’s inequality we have not specified that the vector
space is finite.

Proof: 0<|if = @.7) =@~ coi-Y c,)

i=1 i=1

n n n n
= @,i0)— Y c; (0,10) = ¢, (i, 0)+ ). cie;(%,9,)
i=1 i=1

j=1 i=l

n n
* *
Gt Z ¢;C,0;

j=1 j=1

giving
i:|cl.|2 < |ii|2 (Bessel’s Inequality).
i=1

To prove the second part, i.e., #' is orthogonal to space spanned by {\3 j} , we must show

that (#',v,)=0, forall ;.

i7iv7j
(”Ta"}j) z(ﬁa‘;j)_zc,‘* (‘;,‘5"}1)
i
@) =(@,9)-Ye0,
i

AN .
W,v,)=c,—c,=0 Vj.

Proof: (if',,)=(ii—Y_ c,7

Thus, &' is orthogonal to the space spanned by {V,,7,,...,7,}.
If the vector space is only n-dimensional, then (#,V,), the component of # along each
orthogonal “direction” in the space, is 0,
i'=Y(ii,9,)0,=>.0-9, =0,
= =

J=1
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i.e., u' is the zero vector.

Note also that for an n-dimensional space,

n

i=0=i=YcP
i=1

n
=2 * A A *
il = 2. cje(,9) = 2 cjeid,
i,j=1 i,

n n
12 . % _ 2
|”| = chcj = Z“”J‘
= =

A

or,
n 2 _.2
Z‘c/" _|“| .
=l

That is, for a complete orthonormal set, Bessel’s Inequality becomes an equality.

What if the space is larger than n-dimensional? To examine this case, let the space be -
dimensional, where k > n, also let {\31, O A \3k} be an orthogonal basis for the space, then

k
A _ —f ~ ~ . . _ =
u'= E (u',v;)v; is not necessarily = 0.
j=l

Therefore, this vector #' could be used to extend the set of vectors by one, and, using similar
vectors, we could ultimately extend the orthonormal spanning the n-dimensional subspace to a
complete set for the k-dimensional space. This is the basis of the Gram-Schmidt
orthogonalization procedure.

The Gram-Schmidt orthogonalization procedure always allows us to construct an
orthonormal set of vectors from a finite set of linearly independent vectors. They are:

u =v
. _(171,\72)ﬁ1
27 "2 ~ |2
|
Lo vy (U, V),
37 "3 =12 =12
4| i,
- - 2 (U, v ).
i, :VmH_Z( 1’_3114;1) i
i=1 |u,|
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This orthogonal set can be normalized easily.

Parseval’s Equation is another important relationship in quantum mechanics.

(w,u) = Z (W, V)V, 1) (Parseval’s equation)
i=1

is true, if {\3 j} is a finite orthonormal basis for an n-dimensional space, and # and w are in the

space. In state vector notation, Parseval’s equation becomes,

Wilva) = 2w lw ) W lva)-

l

This expression suggests that for a complete set we can formally write
Z|‘//i><'/’i |=1.

This expression is actually an operator sometimes called the completeness relation.

1.5  Hilbert Space

Postulate I states that the state of a system is completely described by a vector in Hilbert

space, [V, (q,...q, )> , which gives the probability amplitude for finding the system in a element
of volume of configuration space, dq,...dg,. We are now in a position to define Hilbert space.

Hilbert space is a vector space of composed of vectors, whose elements are an infinite set of
complex numbers, u> = (u, +iu,,u, +iu,,...). There is also an inner product defined and that is

required to be finite, so that <u|v> <. To see what this definition means we must answer the

following questions:

What is an o -dimensional vector?

How is the inner product defined for oo -dimensional complex vectors?

What conditions on the inner product are required to form the inner product space?
Can we insure a finite norm for the vectors (required for a probabilistic interpretation
of the state vector).

P

We start by extending our concepts of a vector space to infinite dimensional vectors.
Instead of sequences of » complex numbers, we consider infinite sequences such as,

F=(.v..).
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We want the oo-dimensional space to be an inner-product space, so that a norm will be defined
in the usual way as,

- = =\1/2
|v| =, 9",
and we want the norm to be a finite, non-negative, real number. This is important because our

state vector must be is normalized (usually to unity). If the vector v has a finite norm, we can
always normalize, it to unity, by

<>
Il
=

This is possible if we define the inner product by analogy with the n-dimensional space as:

(Vi)=Y vu,,
i=1
and therefore the norm is given by,

0

" 12
|a|=(v,v){zv;v,} {zw}zo.

i=l1

However, not all sequences of complex numbers have a finite norm. Nonetheless, we can show
that all o sequences that do possess a finite norm, as defined above, form a vector space. To
show this we must demonstrate that all of the properties of vector spaces hold for such vectors.
Most importantly, we must show closure under addition. That is we must prove that if # and v
have finite norms, i.e., are vectors in the space, we must show that

U+v=~+v,....u,+v,...)

1 1

also has a finite norm, or

Sl v [ <o
i=1
We start by showing that for two complex numbers,
o+, <2 s [yl ]

Proof: We start with the triangle inequality applied to the complex components of the vectors u
and v . The triangle inequality can be applied since complex numbers can be represented as two-
dimensional vectors. Thus,
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|ul.+vl.|é|ul.|+|vi|

2 2 2
|u[+vi| S|ui| +|v[| +2|u[||v[

b
but we can also write,
(| = [vp* = 0

|ul.|2 +|vl.|2 _2|”,-||Vi| >0
or |ul.|2 +|vl.|2 > 2|ul.||vl.|

oy +u <l o+ 2 v <2 e+ ol

Using this result,

S+, sz@uir +§|ﬂ:z[(a,a)+(a,a)]<oo

i=1

that is, the norm is finite, and therefore # +V is a vector within the space and closure is proven.

Closure under scalar multiplication is also easily proven:

. 12
|c‘7| _ (cv,cfz)l/z _ [C*CZ:JVJZ} _ [|c|2 |‘7|2 }1/2 < o0
i
Therefore,
e [¥] < 0.

The inner product of two o - dimensional vectors with finite norms is also finite, i.e., the
inner product exists.

(@,%) =D uv,
i
since

2 2 *
|“,~| +|v[| 22|“,~||V,~|22‘“,-Vi

b

where the last inequality follows from:
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u, =a+bi

v,=a'+bi

[} v,| =|(a—bi)a'+b'D)| = |(aa' + bb') + i(ab’ ~ a'b)
/v, | = {(aa' +bb') +i(ab' —a'b)’}"

v = (@ +67) @ +5%)" =[(a’ +57)(a” +5)]"?
|ui||vi| =[a*a? +b°b"* +a"b* + a*b"? ]

‘u:v,.‘ =[a’a"? +b*b"* +2aa'bb' + a"*b* +a’b'"* —2aa'bb']"

|u,.||v,.| =

*
ul.vl.‘.

Thus, we have,

o : . 1
(uav)zzuivi SZ‘”ivi‘ ngquir +|vi|2) <,
i i i

showing that the inner product is finite.

The three properties required for an inner product space can also be shown to hold.

The concept of an orthonormal basis (complete set of orthonormal vectors) is maintained
in Hilbert space; and there are an infinite number of orthonormal vectors in the basis,

{9,5...,9,,...} . The projection of a vector @ along the i" unit vector is (7,,i).

We can also define the projection of # onto an orthonormal sez {...,7,,...} as,

o0
D (@, i)y,
i=1

If this orthonormal set is complete, i.e., an orthonormal basis, then from our proof of Bessel’s
inequality for the case of completeness,

=Y cy =) (i),
i=1 i=1
That is, the projection of # onto an orthonormal basis is the vector itself.

One can also generalize Parseval’s Equation to infinite-dimensional vector spaces. Let
{\31,...,\31.,...} be an orthonormal basis, then
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(i) = 355, 7).

Using the different notation for state vectors,
ﬁ)z|u> and (u E<u|

Parseval’s equation becomes,

() =35l )= G S f ).

i=1

and we identify the quantity in { } as unity, giving the completeness relation for infinite

dimensional spaces

1.6 Function Space
Function vector spaces. We don’t normally think of functions as forming a vector space,
but in certain instances, this is the case. In quantum mechanics, the state vector can often be

represented as a function, called a wavefunction or statefunction.

Consider the set of complex-valued functions of a real variable x. Further, limit the
functions to those that are integrable and square-integrable, i.e.,

J‘f(x)dx<oo,

and

[l7eof dx<eo,

or, in other words, these integrals exist. We can see that the latter inequality is the continuous

analog of the discrete condition, Z:|vi|2 <o, that the norm exists for Hilbert space vectors.
i=1

Functions that are integrable and square-integrable form an inner-product vector space. For

example, we can show closure under addition, i.e.,
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h(x) = f(x)+g(x)

must be integrable and square-integrable for /(x) to be a vector in this space. First,
j h(x)dx = j{ S(x)+g(x)ldx = j F(x)dx + j g(xX)dx <o,

so h(x) is integrable. For square-integrability,

Proof: [[h(x)[ dx = [|/(x)+ g(x)| dx = [ {/(x)+g()} {/(x)+g(x)}
= [{l/F +lel + /g +g flax
=[] +lgf +2Re(/ )< [| ] +|gf +2| 1 g|dx
< [{lT +laf +217 |}

[InCof dx < [2{| " +[gf" x =2 | 1 o+ 2] e <o,

since 2|f||g|£|f|2+|g2, and the latter follows from (|f|—|g|)2:|f|2+|g|2—2|f||g|20.

Therefore, the sum of two square-integrable functions is square integrable. Similarly, we can
show the other six properties for vector addition and scalar multiplication hold for such
functions.

Inner Product Function Spaces. We can also define the inner product in function space
as:

(f-2)= [ /" (D)gx)dx,

as a generalization of
o0
.
Z f‘c gx s
X

where x is a continuous index. Further, we can show that ( f ,g) exists and satisfies the

requirement for inner product space, namely,

L (9= fgdx=[(g f)dx=(gf)
2. (cf +dg,h)=c"(f,h)+d (g,h)
3. (f, = j [ fdx = 'ﬂ f |2dx >0 (non-negative, real and finite).

Finally, we can generalize own one-variable function space made up of vectors {f;(x)} to n

generalized coordinate variables, g, ...,q,, so that the vectors are now functions of the ¢, ’s, i.e.,
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the set of functions,

{F(q,.-q,)}.

The inner product of such vectors is defined by,

0 0

1F(4,---4,).G(q,-..q,)} = If G(4y5--9,)F (q15--9,)dq, ... dq, .

—00

This inner product space is isomorphous to the Hilbert space of state vectors. In Postulate I, we
identified the state of the system as a state vector |wt (q],...,qn>. |l,//t(q1,. ..,qn> is now seen to be

a function in a function space in n generalized coordinates, i.e.,

|l//z(q15"'aqn>(_)F(qla---aqn’t)

The inner product is now written as,
Wl z) o Wi@n-a.. 2-a))= [ [v' (@ .a)x(q...4,)dg...dg,.

Notice that the inner product of the state vector |1,//t> with itself is the norm (squared),

Wlv)=[[v(@. 4w 4. q,)dq..dg,

which is finite, and can be made to equal unity. Thus, we can use either a vector in function
space or a vector in Hilbert space (infinite sequences of complex numbers) to represent the state
of the system. Thus, in function space, we are working in the wave mechanics of Schrodinger.
In Hilbert space, we are working in the matrix mechanics of Heisenberg. Both representations of
quantum mechanics are equivalent because the vector spaces are equivalent. Now that we
understand what Hilbert space is, we are ready for the second postulate of quantum mechanics.

1.7 Postulate I of Quantum Theory

Postulate II defines how the state vectors are related to physically observable properties
of the system.

Postulate II. For each physical observable A, there is a Hermitian operator
A with a complete orthonormal set of eigenfunctions (eigenvectors), |al.>,

and, further, the only possible values that can be obtained for a measurement
of A are the eigenvalues of 4,

Ay QyyenesQ, ...
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The physical observables are just the usual dynamical variables of classical mechanics, things
like momentum, energy, position, efc. Mathematically, we must introduce the concept of the
Hermitian operator, a linear operator that has real eigenvalues. The eigenvalues must of course
be real because they are the possible values of the dynamical variables. We must also acquaint
ourselves with the eigenvalue problem for both continuous and discrete eigenvalues. Moreover,

then there is the question of how we obtain A the operator corresponding to an observable A.

1.8  Linear operators

An operator is a set of instructions that change one vector into another. An operator A is
said to “operate on” a vector |a> , when written as a product,

a).

The result of 4 operating on |a> is another Vect0r| ,[)’), ie.,

A

A

|B)=4).
| ,B> is, in general, not in the same space as |a> .

However, we will restrict ourselves to linear operators, which have the property that they
map a vector in the space V into another vector in V (the same space). A linear operator is
defined by the two conditions:

1 L( a> + | ﬂ>) =L | a> +L | ,B> Distributive under vector addition.
2 L (c | a)) =c (i

a>) Commutative under scalar multiplication.

o : : . : ~ d
The derivative operator provides an example of a linear operator in function space. Let L = -
X

and |a) = f(x) and | B) = g(x) are vectors in the space. Then

Ea)+B) =1 (x)+ ¢(x) = 1 (x) +Lg (v),
E(a)+| ) =E|a)+ 2] ).

Thus, d_ is a linear operator in function space. It is not a Hermitian operator, however.
X
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A Hermitian operator is defined as a self-adjoint operator, i.e., an operator that satisfies
the relationship,

A~ ~

A=A

where the symbol f represents the adjoint of the operator. The adjoint of an operator is defined
in terms of the inner product relationship,

(Lai,v)=(a,L7).

Thus, the adjoint of L, L', is the operator which acts on the vector on the right to keep the inner

product the same as when L acts on the vector on the left. Thus, for a Hermitian operator L,
the same operator acts on the vector on the left and on the right and keeps the inner product the
same.

An example of a Hermitian operator is p = —zhd—. For two vectors in function space,
x

ii = f(x) and v = g(x), which of course must be integrable and square integrable, we have

(h.128)= | {—m% f(x)} o(x)dx

—00

(p.f.8)= +z‘h_];{% f(X)*}g(x)dx

%

{since %f(x) g

(b.f, g)—lh{fd L/ (%) (x) Jax— ff }

- ih{fj(x)g(x) - —_j f (x)gg(x)dx}
? d

—ing (x) g (x) [ £ ()(-ih) g ()

—00

(p.f-g)=itf" (x)g(x)|_ +(f.5.8)

- 2
Now since Hf(x)‘ dx is finite, f(x)—>o0 as x—too, and the same is true for f(x),

g(x)—> 0 as x — +oo. Therefore, we have, (p f,g)=(f,p.g). However, by the definition of
the adjoint,
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(p.f-8)=(/.Dlg).
thus, in this case we have p_=p', ie., p, is Hermitian.

We will find out later that p_ is the operator corresponding to the x-component of the
momentum of a particle. It is necessary that p_, or, in general, the operator for any other

observable be Hermitian, because only then will the eigenvalues, i.e., the outcomes of any
measurement, be real numbers. The classical x momentum,

my, — —ihi .
ox

To get the operator corresponding to a classical mechanical variable that is a function of the
position and linear momentum, f (x, px), we just replace x in f with the operator

X =“multiplication by x” and replace p_=mx by the operator p = —z'hi in the function f,

Oox
f(%5,).

1.9  Eigenvalues and eigenvectors

The second postulate of quantum theory states that the only values that can be obtained

for a measurement of the observable represented by the operator A are the eigenvalues of A,
a,,a,,...,a,,.... The eigenvalues are the numbers, a, that satisfy the equations

N

A 051->:a,~|06->-

1

This equation must be solved to find the eigenvalues, a,, which in general may be complex

numbers, and the eigenvectors |0‘1-> . The interpretation of the eigenvector is the subject of later

postulates. As an example, we can find the eigenvalues and eigenvectors of f’ ' defined by,

7o PL
X 2m
. . d i :
where p = —zhd—. Substituting gives
X
nod’

P
2m dx
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the quantum mechanical kinetic energy operator. In other words, we want to find solutions {El}

and {| 8,->} , that satisfy,

T

pY

g)=E|¢,).
To do this, consider functions |&,) of the form
|&,) = Asin(kx)+ Bcos(kx).
Applying the operator,
n d’

T gk>:—2—F(Asinkx+Bcoskx),
m dx

= ——— {4~ )sinfoc+ B(—k" ) cos k|

222

=+ {Asinkx+Bcoskx}.

2m

gk>=("‘2222j|gk>,

and, except for normalization concerns, we have the eigenvalues of the kinetic energy operator.
That is, according to Postulate II, the possible values for the kinetic energy of a particle of mass
m when not acted upon by any forces are

Thus, we have

A

T,

ki
2m

The eigenvalues are real because 7, is Hermitian.

We now demonstrate that the eigenvalues of a Hermitian operator are real. Let A bea
Hermitian operator with eigenvalues a,...,a,,..., and eigenvectors{|ai>} . Then,

A

A

al.> =a, |0‘1-> is satisfied, and

()| A|e)=a,(a;|a)=q,

1
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if the |@,) are normalized. Since A is Hermitian, 4= A", substituting, we also have

A

A'|e)

CARIEARIC

(i)

. t : .
since (AT) = A is always true. Continuing, we have

(] d|a) =(aa|a,)

*

' (a]a)=d.

Thus, a, = a;, , implying that g; is real.

Now, if we have solved the eigenvalue problem for our operator A and obtained a

complete set of orthonormal eigenvectors {|07[.>}, then the state of the system can also be

represented as a linear combination of the eigenvectors of A as
|w,) = Z;‘C" @),

and the coefficients ¢, can be found by taking the inner product of the state vector |z//,> with

each of the |ak> ,

Thus, ¢, = <ak |y/,> , and substitution gives

vy =) ().

i=1

which is just as easily obtained by using the completeness relationship,
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by placing operating with the identity operator on the state vector.

1.10  Postulate IV of Quantum Theory

We will come back to Postulate III later. Postulate IV now tell us how to use the
eigenvalues and eigenvectors of an observable to obtain the probability of finding the system to

have the value a, when a measurement of the observable corresponding to the operator A4 is

made.

Postulate IV. If the observable A, with eigenvalues of A4 given by {a,} and
eigenvectors given by {|a[>}, is measured for the system in the state |1//t>,

then the probability of obtaining a, at time ¢ is given by

B(ai)=Zkl\<%|%>\z
({R(a)}=[[a(®)|w,)

k

2
dk for continuous eigenvalues.}

The summation over k includes all eigenvalues a, =a, (or a(k)=a).

Let us first consider the case, for which all eigenvalues a, are non-degenerate, i.e.,
a, #a,, Vk,i. Inthis case, the probability reduces to
|2

P(a;)= Kai |‘/’;>‘2 =lc,

The probability of measuring the system and finding any one of the a,, that is

> (a)=Sfalv)f

1

should be unity. Because the |al.> form a complete orthonormal set, we can expand |l//t> as

and therefore,

S E(a)=Y e () a]a)f =33l (1)6,f

i=1 i=1 k=1 i=1 k=1
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:li\ci(t)r.

Finally, because the wavefunction |l//,> is normalized, i.e.,

© 2

Wy =X X (e, (1))=Y le ()] =1.

o0
i=1 k=1 i=1

thus we have

S B(a)=1. {4)

0.1 ¢
Figure 5. A probability distribution for the
discrete eigenvalues of the observable A. For
this symmetric distribution, the expectation
value and the most likely value, a;y in this case,
are the same. This need not be the case for 0o e.,?ﬂ hh.,
other distributions. ' a0 a5 al0  al5  a20  a25

Eigenvalues

This result shows that our definition of P (a,) is reasonable for a probability, since the

probability of finding the system in a possible state should be one. Furthermore,

“=le, ()] <1,

0 < Kai |¥/t>

i.e., the probability of each individual eigenvalue is a positive number between zero and one, as
required for a probabilistic interpretation.

Implications of Postulate IV. Postulate IV brings out a fundamental difference between
classical and quantum mechanics. It indicates that we cannot know the outcome of a
measurement with certainty. Instead, only the probability of the outcome of a measurement can
be given. This is a fundamentally different situation from classical mechanics. As a corollary,
Postulate IV dictates that separate identical measurements carried out on identical systems will
not necessarily give the same values each time we measure the observable. Nevertheless,
Postulate IV gives quantum mechanics strong predictive capabilities, since we know how to
calculate the probability of each particular value for the observable, and therefore, we know or
can obtain the probability distribution for the observable.
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In particular, we can calculate the average value of the probability distribution for a
measurement of an observable. This average value is sometimes called the expectation value.

The expectation value for an observable represented by the operator A is written as <121> and is

defined as for any probability distribution as
<121> = iP(ai)ai ,

i=1

or as

(4)=[a(k)P(ath))ar

for continuous eigenvalues. Thus, <21> is just the weighted sum of the q, ’s.

In terms of the wavefunction |‘/’;> , using Postulate IV we have, for discrete eigenvalues,

()= (e |v. ) a,

k=1

or, for continuous eigenvalues,

" (k.

(4)= (e (k)|w.)

k

Another formula for <;1> can be obtained by considering the quantity,

i=1

il =) A Slar) o) o)

where the factor in parenthesis is just 1. Evaluating the right side of the equation, we have

y

(v,

)=l Al e v
=T le) e v,

0
i=

ACAICAIAL

= Sarlv) (@),

i=1

and finally,
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Ay)=2Nalw ) a

i=1

(v,

which is recognized as just <121> . The quantity <1//t | 121|l//[> is sometimes called a diagonal matrix

element; it is diagonal because the state vector is the same on both sides of the operator.

We can also calculate higher moments of the probability distribution for the measurement
of A. Especially useful is the second moment or mean square deviation, o, given by

2

o’ =§P(ai)(ai—<le>) = (ad).
By analogy with the analysis immediately above,
(83 =((A-{A)) )=t -2y o)
= (| 2y) -2 A)w|Aly) +{4) (w]w),
and we have the useful relationship,
(a3) =(4)-(4)

A4 is called the uncertainty in the measurement of observable A, and it is used in the
Heisenberg uncertainty principle developed later.

Problem: Prove that if (M)z =0 for the state function |l//>, then |l//> is an

eigenvector of A.

SO
(#)=(4)
Now,
()= | 2|w)=(a)’.
therefore,
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Therefore,

1//> i1s an eigenvector of A with eigenvalue <121> Also, prove the

converse.
Ehrenfest’s theorem shows that quantum mechanics reduces to classical mechanics for

systems for which the uncertainty is negligible. The theorem is essentially Newton’s Law
written in terms of expectation values,

——L= —<§ V> (Ehrenfest’s theorem),

where < [7) represents the expectation value of the momentum, <1// | ;3|l//> , =VV is the force and

<1//|(—§V)|l//> its expectation value. Ehrenfest’s theorem also justifies writing a quantum

mechanical operator as the same function of position and momentum operators,
f(45--4,» P,>---P, ) as is done for the classical variable, f(q,,..q,,p,,-.-p, ) -
1.11  Postulate V of Quantum Theory

We are now ready for Postulate V, which explains how the state function |l//t> is

influenced by the measurement of an observable.

Postulate V. If a measurement of the observable corresponding to the
operator A yields a value q,, then the state of the system immediately after
the measurement is given by

lw,) = Zn:c,k ‘a,k > (n-fold degenerate case),
k=1

where the sum is over all states £ with the degenerate eigenvalue, a;, and the
linear coefficients ¢/ are chosen so that |1,//1> is normalized.) If the

eigenvalues are all non-degenerate, then
lw)=|,)  (non-degenerate case).

In the non-degenerate case, the postulate simply states that if a measurement of A yields
a, , then the state of the system immediately after the measurement is completed is

i) =le)

i.e., the eigenvector corresponding to the eigenvalue that was measured.
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In general, Postulates IV and V mean that a measurement can have a number of possible
outcomes although the state of the system is completely defined. However, once the
measurement has been made, the state vector “collapses” to the eigenvector corresponding to the
value obtained. This postulate just formalizes the experimental fact that as soon as a
measurement of an observable has been made, an subsequent measurement of the same
observable gives the same result (value), provided the measurement is performed immediately.
That is, if the measurement is made before the system has time to evolve. The postulate just
expresses the experimental fact that, at the quantum level, the measurement process itself
requires an interaction with the system that cannot be neglected.

1.12  Compatible observables
In classical mechanics, the measurement of the coordinates (g) does not affect the

measurement of the momenta (p) of the system. This is not true for quantum mechanics. In
quantum theory, the coordinates and momenta of classical mechanics are replaced by quantum

mechanical operators,
q;, = ¢, i}\/ 7/.1\
. 0
p, = —ith—
oq,
and such operators, in general, may not possess simultaneous eigenfunctions.

Problem: Suppose we have the eigenvectors of the i coordinate, that is, we
have solved the eigenvalue problem,

what if

where the | pl.> satisfy the momentum eigenvalue problem,
Bilp)=rilp).

Assume also that

[p)=2¢l

0)
Consider two operators A and B with eigenfunctions {|ai>} and {|ﬂl>} , assuming non-
degenerate eigenvalues @, and b,. Then a measurement of A will give one of the a,, say «a, , and

change the state of the system to |y/t> = |ak>. Now, in general, a subsequent measurement of B

will give the eigenvalue b; with probability,
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=[(s |

And, of course, an immediate second measurement of A, gives a; with probability

P(bf):‘<ﬂf“/’r>

"=\ e ) =1

P, (a,)= Kak ‘ﬂj>

Thus, the probability will be unity for only one value of b,, if and only if |ak>

corresponds to one of the eigenvectors of B, say ‘ ,6'/> Thus, we can know both A and B with
certainty (probability = 1) simultaneously, if and only if the eigenvectors of A are also the
eigenvectors of B.

The observable A and B are said to be compatible, if and only if A and B possess a
complete, orthonormal set of simultaneous eigenfunctions.

Commuting Observables. Suppose we have two compatible observables A and B, then

AB|B)=bA| B).
Further, since |3 is also an eigenvector of A, say | 3,) =| e, ), then

AB|B)=b,A|e,)=ba | B).
Similarly, operating with Band A in the reverse order, we have
BA|p)=bd|ay)=aBla,)=aB|f)=ab]|f).
Now, since a; and b; are just real numbers,
ab =ba,,

thus,

AB|f) = BA|)

(4B-B4) p)=0.

So, we can write the operator equation,
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and we say that operators that obey such an equation commute. The quantity AB— BA occurs so
often in quantum mechanics we define the commutator [A, é],

[4.8]=46-54.

Consequently, if we have simultaneous eigenvectors for A and B, then [ﬁ,é] =0, and the

converse is true as well. Thus, we can state the condition that A and B are compatible
observables in these equivalent ways. A and B are compatible, if and only if,

1. 4 and B possess, a complete, orthonormal set of simultaneous eigenvectors, or
equivalently,

2. [A,B}:o.

The conjugate coordinates and momenta are used to specify the classical state of a system
of particles. Are ¢, and p, compatible? Equivalently, do ¢ and p commute? Consider the

effect of the product of these operators on an arbitrary state vector |l//> ,

" _ho . oy(q) . 0
‘JP:q(—l@]h@:—lthZ+th(‘1)—lh@(qw(q)),

where we have used

%(qw(q)) =v(9)+q 8‘2?
Therefore,
ho . e
o[22 =l )11 2 (aw a).
Now,

n ho 0
=| —-i— = —ih— .
pg ( 6qquw} aq(m//(q))
Subtracting the last equation from the next to the last, we see

ap|w) - pglv) =in|y)
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(4P~ Pa)lv)=ihlv)
which gives the operator relationship
[4.5]=in.

Therefore, p and ¢ do not commute, and, therefore, they are not compatible. This means that

the coordinates and momenta cannot be simultaneously known with probability one. Thus, if we
measure g exactly we can give only the probability less than unity for a subsequent and
immediate measurement of p.

1.13  Heisenberg Uncertainty Principle
We now derive a general relationship that describes how the measurement of one

observable influences our ability to know another. We do this for a particular class non-
compatible observables. This relationship is expressed in terms of the mean square deviation in

A\2 AN 2
the probability distribution of the two observables: (AA) and (AB) .

Consider two non-commuting Hermitian operators A and B, such that
[ﬁ,lﬂ =iC , Where C is Hermitian.

Note this includes the commutator relationship we just derived for the coordinates and momenta.
We now define new observables, i.e., Hermitian operators, that have zero average values. Their
operators are:

21’:21—<21>i,
é':é—</§>i,
C'=AB+ B4,

and we also define the operator D', which is not Hermitian,

A A

l5’=A’+(a+bi)B’,

similarly, <f}'> =0.
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First, we will show A', B, and C' are Hermitian. (1) We start by showing that aB is
Hermitian if B is Hermitian and a is real, i.e., if Bt =B , then

(aB] =aB.

First, consider

(ﬁ,af}v) =Z—:(af}*ﬁ,v),

and since B" = B because B is Hermitian we have

(d,aB7) = ((aB)a,7),
since a is real and thus a* =a. Comparing with the definition of a self-adjoint operator,

o AL ANT
(u,an) = ((aB) u,v) ,
~ + A kay . o, . . o . o, . . .
and we see that [aB] =aB, so aB is Hermitian if B is Hermitian and « is real, i.e., a real
number times a Hermitian operator is a Hermitian operator.
(2) Next, we show that [ is Hermitian, where I is the identity operator defined by
Jii =i .

Consider

Again, comparing with the definition of a Hermitian operator, we find I"=1, and the identity
operator is Hermitian.

(3) Now let A and B be Hermitian, and show that A+ B is Hermitian.

(ﬁ,(ﬁ+é)ﬁ):(ﬁ,2§)+(ﬁ,éﬁ)
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=(,21,ﬁv)+(1§a,v),

since 4 and B are Hermitian. Continuing,

(ﬁ,(?Hé)ﬁ):((?Hé)ﬁ,ﬁ),

and

Therefore, we have

-

(4+8) =(i+8),

and A+ B is Hermitian, if 4 and B are. We could have shown this more simply by using the
fact that the adjoint operation is distributive for linear operators,

(L+L,) =L+ =(L,+L,)

We are now set to show that the primed operators are Hermitian. Starting with A,

since A4 is Hermitian, and
= A+ (—(A}f ) ,
since a real number time a Hermitian operator is Hermitian. We now have
AT =4 +(—<A>f)
At =(A-(a)1) =4,

and A' is thus Hermitian. Similarly, B’ can be shown to be Hermitian.
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We now show that C' is Hermitian, using (L,L,) = LiL] and (L, +L,)" =L} + L}.
A An At
" =(4B+BA)
AN A
=(4B) +(B4)
B AR
= AB+ BA
since 4 and B are Hermitian. Therefore, C'" = C’ is Hermitian.

D' is not Hermitian; nevertheless, ﬁ’|1//> is a vector in Hilbert space, because
15'|y/> = 121’|t//>+(a+bi)1§’|1//> , Le., ﬁ’|t//> is a linear combination of vectors in Hilbert space.

As a consequence, the vector D’|t//> has a finite norm, i.e.,

0< <D't//‘ﬁ'w> <o
Substituting,

<[2’+(a+bi)é']w‘[ﬁ’+(a+bi)1§’}1//> >0
I%

(v

121’1//>+<(a+bz‘)é’t//‘(a+bi)l§’l//>+<(a+bi)l§”l//

12!'1//>+<121't//‘(a +bz')é'l//> >0

1&/2 Efz

)+ (a+bi)*(a+bi) (w| B2l )+ (a+bi)*(w|BA|y )+ (a+bi) (w| 4B |w) = 0
(%) (@ +02) (B2 )+alw|( A+ B o) bi(w |48 - By ) 20,

Using (AB'+ B') =" and A'B'~ B4’ =iC, we have

(47)+(a>+07)(B?)+a(C) b (i( 4B~ BA)) >0,

but we also have

=)= 5-{3)1)-(3-(5))a-(3)
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_iB-Bi-(1 E—<%&+<%>+<%+W—<%>
_iB-Bi-[4.B]-ic.
Therefore,
(47)+(a> +6*)(B7)+a(C')=b(C") 20

Now, a and b are arbitrary constants, so we can choose,

b A6)
2(8%)

and b=+

Substituting,

We now cast this expression in terms of the uncertainties or mean square deviations of the
distributions for these observables, i.e.,

(ad) = {a7)-(4)"

However, remember that we constructed A’ and B’ such that <1:1’> = <Z§'> =0; therefore,

Copyright © 2008 by John A. Shelnutt. All rights reserved.



Fundamentals of Vibronic Spectroscopy 45

(8] =(2°)=(p (4-(4)])

and similarly,

Using these relationships between the uncertainty of A and A' and B and B', the product of
uncertainties becomes,

Ay 2
(M)z (Aé)z > <C > +<— (Uncertainty relationship).

Simplifying,

is also true. Finally, taking the square root of both sides of the inequality, we have

o C
(AA) (AB ) > Q (Heisenberg Uncertainty Principle).
Now, remember that C= —i[ﬁ,é]; therefore, if A and B don’t commute, then the magnitude
<é> determines how well we can simultaneously know the observables A and B. The
uncertainty in A (M) and the uncertainty in B (Aﬁ ) , cannot both be zero, if <é > is non-zero.

Proof: Suppose (M) — 0, then (Af}) > @{@] —> 0.

0.4 - 0.4 -

P(a)
P(b)
P(a)
P(b)

0.1 4 014

%\A)

T T 0.0 T T T T T 0.0

15 20 25 0 5 10 15 20 25 0 5 10 15 20 25
ar
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Therefore, the better we know A, the worse is the uncertainty in B, and vice versa.

Specific physical examples of such incompatible variables that obey the Heisenberg
Uncertainty Principle are conjugate coordinates and momenta. We showed earlier that ¢ and

- ., 0 . .
p= —zha— satisfy the commentator relation:
q

[q,p]zih.

This relationship falls into the form of own assumed relationship between the operators

A

A and l§, ie., [zzl,lﬂ=ié, or, in our case, [é,f)]=i(hf), thus, C=nl. Then, p and <121>
satisfy the uncertainty relationship,
(C) _(wlnily) n

(49)(84) 254 == Ly ) =2

(Aﬁ)(Aé)z?

This relationship holds for any generalized coordinate and momentum, for example, the
angle of rotation, @, and the angular p, momentum.

Let’s now review these results for the uncertainties of such observables. We showed that
two observables that obey a commutator relation

[21, é} -iC,
where A, B, and C are Hermitian, also obey the Heisenberg Uncertainty relationship

)

(M)(AE)ZT.

Furthermore, any generalized coordinate and its conjugate momentum obey the particular form
of this expression where <é> is 7,

(43)(49) =

This relationship implies that if we make a perfect measurement of the position of a
particle, which can be done in principle, then the momentum of the particle is necessarily
completely undetermined, i.e., the width of the probability distribution of the momentum is
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infinitely broad. Therefore, since classically to define the state of the system we must give both
the coordinates and momenta at some time, we really can never know the classical state of a
system. Further, in classical mechanics we must have the coordinates and momenta at 1 =0, i.e.,

the initial conditions, so that we can use F =ma (or an equivalent expression) to make future
predictions of the state of the system.

Thus, quantum mechanics tells us:
1. that the classical state of a system is indeterminate, and
2. that because we can only give the probability distribution for the initial state, we can only

give the probability of the system occupying some state, defined by {ql,qz,...,qn} and

{ DisDyseees pn} , at some later time t. (This situation is similar to that of statistical mechanics.
The classical state at some later time is given probabilistically by integrating the equations of

motion ( F =md , or equivalently Hamilton’s Equations of Motion) for each possible initial
state of the system.)

Problem Set

1. Show p, = —ihi is Hermitian.
dx

2. Prove Ehrenfest’s Theorem M = —<§ V> )
dt

3. Prove that the eigenvalues of a Hermitian operator are real numbers.
4. Show that |5k> = Asin(kx)+ Bcos(kx) for k=1,...,n,... are eigenfunctions of the x-
)
component of the kinetic energy of a particles of mass m, T = 5 £
m

AN2 A
5. Show that if (AA) =0 for the state |!//> , then |l//> is an eigenfunction of 4. In addition,

show the converse.
6. Show that observables A and B are compatible, if and only if, A and B possess a
complete orthonormal set of simultaneous eigenvectors, or equivalently, 2,3’] =0

7. Show that ¢ and p don’t commute and are, thus, not compatible.

1.14  Alternative Postulates of Quantum Theory

For the postulates, developed so far, alternative ones are more fundamentally connected
to the measurement process. The measurement process, no matter how complex, can always be
reduced to a series of “Yes-No” experiments. For example, a multi-channel spectral analyzer
can be thought of as many individual yes-now experiments—one for each channel. The
individual channels define a yes-no experiment and together they define an energy or position
spectrum. The yes-no experiment for each channel is “did the particle land in this channel or
not?” Yes or No? If yes, then the particles energy is a certain value because of the position at
which it was detected. The position is related to the energy by the dispersion of the
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spectrometer.

The question “did the particle land in this channel or not?” is called a proposition (which
is either true or false). The quantum physics is in the fundamental relationships between such
propositions. Let’s assume some very basic relationships or axioms hold for these propositions,
for example.

L Let a and b be two proposition of physical system, then “a implies »” (a < b ) means that
if a is true, then b is also (definition of a = b). The relation called “<” satisfies,

1. aca
2. acb;bca,thena=5b
3. achb;bcc,thenacc

The set of all propositions (yes-no experiments) is partially ordered by these reasonable
relationships.

IIL. There exist a proposition, ﬂ a, , which has the property that if
xca, forall iel,then xca,,
I

at least in principle (problem for complementary observables). For example, x =a(\b is true
implies that a is true and b is true. The latter axiom implies the absurd proposition

p=(a,

aelL
is always false.

I1I. Ortho complementation. For every a, there exist a’ (“not a”) so that,

The axioms listed are reasonable for the discussion of physical systems. They form what in
mathematics is called a “complete, ortho-complemented lattice”. Axioms I, II, and III formalize
a set of empirical relations exhibited when making measurements on physical systems. They are
also similar to the rules of ordinary logic.

Up to now there are no specific properties of the physical systems to which the axioms

apply; these are included in two more axioms that are needed to describe the relationships
between proposition for physical systems.
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A.  Atomicity (Lattice of classes of subsets of propositions).

1. For any proposition a# ¢, there exist a “minimal proposition” P such that
Pca.
2. If Q is a point, then a<x<alUQ=x=a or x=aUQ.

Taken together I, II, III, and A define the lattice of the propositions for a classical
physical system, a lattice that is said to be a “ o -complete, atomic Boolean lattice”. For quantum
mechanics, we need an additional axiom.

P. Weak Modularity. We postulate that a < b implies that a is compatible with b (a <> b).

One can show that our proposition system, defined as a lattice of propositions that
satisfies axioms I, II, III, A, P, can be represented as a lattice of subspaces in some linear vector
space. If we choose the complex numbers as the elements of our vector, we get conventional
quantum mechanics in Hilbert space. That is, the lattice of subspaces of our proposition system
is isomorphous with Hilbert space (matrix mechanics). We have already shown that Hilbert
space is isomorphous with an inner-product function space (wave mechanics). It is also true that
the kinematic structure that is entirely independent of the state of the system is expressed in the
structure of this proposition system. The equivalence between this proposition system and
Hilbert space carries over to equivalence of various elements of the two systems. In particular,
elementary propositions are represented by projection operators in Hilbert space, intersection <>
set intersection in Hilbert space, unions <> closed linear span of subspaces, efc. This discussion
of an alternate set of postulates for quantum mechanics is of course incomplete, but is included
to illustrate how basic the structure of quantum mechanics is and how closely related to the
measurement process it is.

1.15 Postulate III of Quantum Theory
Postulate III tells us how the quantum state of a system |l//t> changes with time.

Postulate III. For every physical system, there exist a linear Hermitian
operator, called the Hamiltonian, which determines the time variation of the

state vector y (é, t) through the time-dependent Schrodinger equation,

ov(q,,...q,;t)
ot

H(q.05- 20,30 ) W (4, -.-q,3t) =ik

9

during any time interval in which the system is not disturbed by a
measurement.

Properties of the Hamiltonian. For most of the systems we will be interested in H will
be independent of time and will be the same as the total energy. We will later discuss some of

Copyright © 2008 by John A. Shelnutt. All rights reserved.



Fundamentals of Vibronic Spectroscopy 50

the conditions under which H is just the total energy. [Essentially, these conditions are that
H#H(t)=(1) V£V(t:4,) and (2) 7 #7(1)].

Our next concern is how to construct the Hamiltonian operator, H . We will see later that
the Hamiltonian is defined in classical mechanics by

H EzpiQi —L.
i=1

The corresponding operator is constructed by replacing ¢, and p, by the corresponding
operators:

g, <> 4q;,

that is, “multiplication by ¢,”, and

D, —ihi
g,

in the classical Hamiltonian. The Hamiltonian also determines the time evolution of the system
in classical mechanics. Because of its importance generally and because we need to find the
Hamiltonian for the interaction between a collection of charged particles and the electromagnetic
radiation field, we will develop the classical Hamilton’s equations of motion shortly. But, we
first further develop the dynamical consequences of Postulate III and Schrédinger’s equation.

We must solve the Schrodinger equation for the state of the system as a function of time.
As is the custom with partial differential equations, we assume the different variables can be

factored. Thus, we start by assuming |y,)= x(q,...q,)@(t), that is the statefunction is a

product of a time function and a spatial function. Substituting,

A

A (qy.mq,) (40, 00) = in 2L )0 ()

o(t)H(q, --~q,,)z(q1~-qn)=(ih ago(t)jz(%'.-qn),

h O0p(t
H(q...q9,)x(4---9,)= gol(t) 85 ) = E = constant.

x(q,...q,)

The only way the left and right sides can be equal for all values of ¢,,...q,, and ¢ is if each side
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equals the same constant, £. This then gives two equations, one independent of ¢,

A

H(q] ...qn);((q1 ...qn) = E)((q1 ...qn)
(Time-independent Schrodinger Equation),

and another that is independent of the coordinates,

Since H is a linear Hermitian operator, it is an observable, and the values that this
observable can have are the eigenvalues of H . Thus, the real numbers E that satisfy the time-

dependent Schrdodinger equation, which is the eigenvalue equation for H, also determine the
time evolution of the system. Generally, the eigenvalue problem will have more than one
solution, so we label the eigenvalue £ with a subscript, E.,

I:IZI‘ =E X,

and thus we have different time dependence according to the specific eigenvalue of H , that s,

. 0p,(1)
ih—3—=Eg(t).

The solutions of Schrodinger’s equation will be just the product of the eigenfunctions that satisfy
these two independent equations

v (a-a.0)=2(a--9,)0.(1)

Solution of time eigenvalue problem. We can easily solve for the time factor by noting

that,
_0p.(t
lh‘a’—t() =Ep, (t)
is satisfied by
(Dj (I) —iEt/h

To show this, note that
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ﬁﬁ%@):maewﬁzﬁ{_gi};wﬁ

ot ot h
_ Eje—iEjt/h
ihop, (1)
——=Ep,(1).

ot

Thus, the general solutions of Schrodinger’s equation can be written as

—iEjt/h

v (q--a:0)=¢""|x,(q...q,)).

Thus, when H = H (t) we only have to solve for the eigenvalues and eigenfunctions of

H ,i.e., solve the time-independent Schrodinger equation,
H|7,)=E| 7).

to find the state ‘l//j> = ‘goj (t)>‘ X (q)> at any time ¢ and the energy values that can be found

upon a measurement of the energy. In addition, Postulates IV and V apply to the energy of the
system E, and, in most cases, H is the Hermitian operator that corresponds to E.

Is ¢, (¢) normalized? To answer this question, consider,

(0,]0,)=0} (1), (1) =lp, (1) =&"e ™" = e o1

Thus, the time-dependent wavefunction |w) =, (¢) 7, (g, -..¢, ) will be normalized provided the
spatially dependent part y, (% ...qn) is normalized. Notice that there is no integration over time;

integration in (y/t |l//t> is over all coordinates, not ¢.

The states,

~iE;t [T

‘!//j>=e ‘Z‘,’(ql-'-qn»,

are called stationary states, since only the phase factor, el " of magnitude one changes with
time. The coordinate dependent part does not change with time.
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Since we have now solved for the time evolution of the system, we can ask the general
question of whether probability is conserved when a state varies in time by the time-dependent
Schrodinger equation. It of course must be conserved, and we now show this.

Conservation of probability. We must show that when |z//t> is normalized at some time ¢

it remains normalized for all times. That is,

i)

d
E<W{|‘/jt>_oa

and, therefore, <1,yt |l//t> = constant. Thus, if that constant is initially one, then the state will

always be normalized and probability is conserved.

1.16  Time Evolution Operator

Let us now define an operation U (t) , which changes the state vector at =0 to the state

vector at time ¢. That is,
|w)=U (1))

Notice that U (0) =1, the identity operator. U (¢) “evolves” the system at =0 to the system at

time ¢, 1.e., it “moves state vector from an initial orientation in Hilbert space to its orientation at
time ¢.”

A

Let us now find an expression for U(¢). It will probably involve H, since H

determines the time evolution via Schrodinger’s equation. Substituting for |1,//,>,
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(00w =020 (0)|we)

or
Ao 0
(HU( )—lha U j|t//0> 0, for all |y/0>

Therefore, the time evolution operator satisfies the operator equation,

A A

AU (1) = haﬁﬁ( ).
The solution can be written formally as
U(t) = e ™" (when H # H(t)),

—iflt/ . . . .
where e % is an operator defined by the linear combination operators,

» t/ h Ht
Z( ) = ¢ i (power series expansion).
n=0

Problem: Show that U (¢) is linear and unitary (U =g~ ), and thus not Hermitian.

If the time-independent Schrédinger equation has been solved for the eigenfunctions
|l/lk> and eigenvalues E, then the time-evolution operator satisfies the eigenvalue equation

(O )=e""|w,)
We can prove this using the definition of U (t) as an expansion.

We can get a matrix representation of U (t) by multiplying on the left by another of the

‘)

stationary states and integrating,

v

iE; t/h ~iEgt/h

O(0fwe)=(w|e

Ujk (I) _ e—i(Ek—E/)t/hé,jk ’

thus the matrix is diagonal and for ¢z =0,
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Uy (t)=5

i.e., for energy eigenstates, U (t) is just the unit matrix (operator) at ¢ = 0.

1.17 Constants of Motion

Classically, constants of motion are properties that do not change with time, such as the
total energy or angular momentum. The constants of motion have time derivatives that vanish,
such as

d(T+V) dE
——~==—=0 (total energy),
dt dt ( &)
or
% =0 (angular momentum).

The angular momentum is a constant of motion when the torque N =0.

Is there a quantum mechanical analog of the classical constants of motion? Yes! The
quantum mechanical analog is that the time derivative of the expectation value vanishes.

%<,&>=o

i.e., the average value of measurements of the observable is constant.

For an observable A, we can derive an expression for the time dependence of the
expectation value using Schrodinger’s equation.

d/~ d ~
5<A>7<‘/’f Aw)
oy, | ~ oA ~1OW
=(—L| Ay, )+ it + A=
< Y l//x> <'//t o ‘//x> <lr//t ‘ or >
i~ oA NI
=(——Hy |4y, )+ (v, |y, )+ (v |4 -~ 0
< 7 v, ‘//t> <‘//, o ‘//t> <‘//, ( . l//tj>
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i - i/ o4

="y A4 t>——< laa ,>+ sl

h<l/f v,) = v |4l v <8t>
i Anan oA
=y |(Aa-4 >+ o
v iaa- ) 2)

Thus, if aa—A:O, then <88—A>:0. Furthermore, if A is also compatible with H , then
t t

[I:I ,12[}=0. Under these conditions, di<;1> will vanish, and we say that the observable
t

corresponding to A is a constant of the motion. In particular, the energy is a constant of the
motion if H # I:I(t) because [ﬁ,l:l} =0,ie.,

d .
” < H > =0 (quantum mechanical)

dH _ .

s (classical mechanical).

However, notice that it is not necessary that A commute with A since we can have [I:I , 1:1} 0,

while <[1:1 , /]D =0. Under this condition the observable is still a constant of the motion.

We have completed our review of quantum theory, so it is helpful to compare the
classical and quantum systems.
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Classical Quantum

State of System {q :q(t)} ‘wt(ql...qn )>
p=p(t)

Initial Conditions {q =¢/(0) } ‘wo (¢,--.9, )>
p=p(0)

Hamiltonian of System H(q,p,t) [:](cj,ﬁ,t)

Time development oH . A B 8| t//,)
A=l
_oH _.

0q P

Hamilton’s equations of motion will be derived shortly.

We have concentrated on the Schrodinger Picture of quantum mechanics, but other
pictures are possible. The interaction picture is especially useful for perturbative treatments of
interactions between solved non-interacting subsystems.

States Operators Eigenvectors
Schrédinger Moving Stationary Stationary
Heisenberg Stationary Moving Moving
Interaction Moving Moving Moving

To develop intuition at the quantum level we need to solve many problems of chemical
interest as possible. It is our primary task for this course to solve problems of interest in
spectroscopy.

1.18 Hamiltonian for a Molecule

Our task in the Chapter 2 is to obtain, from basic principles, the Hamiltonian for the
interaction of a radiation field with a collection of charged particles, typically a molecule. We
will now write down an expression for the molecular part of this Hamiltonian, using in advance
the knowledge that the Hamiltonian is just the total energy of the molecule. The procedures will
be put on a firm theoretical basis in the next chapter.

For a molecule made up of N electrons and nuclei, the Hamiltonian operator is needed in
order to find the possible energy levels and stationary states of the molecule. The classical

molecular Hamiltonian of an isolated molecule is given by

H=T+V
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where
Vo ﬁ: AV
>k Vi

where Z, is the charge of the /™ electron or nucleus and 7 1s the vector distance between the Jm

and k" particle. The kinetic energy is given by

TN T
Y 295 my 255 m; Py T Py T Py

To get the Hamiltonian operator for the molecule, we make the replacements

S0
py—)p,\j__l ax-
J

and
Ve 2T =Ties

that is, multiplication by the vector position. Thus, the expression for the potential energy
operator is the same,

S
V= Lt
/Z>1; k=t Ty
and the kinetic energy operator is
N 2 2 2
Y
295 m;\ ox; Oy,
7= _ﬁﬁ ViV, _ _ﬁﬁv_i
253 m, 253 m,
Therefore, the molecular Hamiltonian is
1, =T+V

mol

or
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Y VX ZZ,

A #? ;
Apy=-2 L+

My e Ty

The solution of the molecular Schrédinger equation,

A

H

mol

l//[>:E[|l//i>’

is very complicated in general and requires approximate separation of the electronic and
vibrational motion. Then, the coupling of the vibrational and electronic states by the vibro-
electronic (vibronic) interaction must be dealt with to obtain the vibronic states that satisfy the
molecular Schrodinger equation. We do this in Chapter 4.
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